Szamitogépes szamelmélet

Jarai Antal

Ezek a programok csak szemléltetésre szolgalnak

Vv 1. A primek eloszlasa, szitalas

Vv 2. Egyszeru faktorizalasi modszerek

> restart; with(numtheory);
| GIgcd, bigomega, cfrac, cfracpol, cyclotomic, divisors, factorEQ, factorset, (2.1)

fermat, imagunit, index, integral_basis, invcfrac, invphi, issqrfree, jacobi,
kronecker, A\, legendre, mcombine, mersenne, migcdex, minkowski, mipolys,
mlog, mobius, mroot, msqrt, nearestp, nthconver, nthdenom, nthnumer,
nthpow, order, pdexpand, ¢, T, pprimroot, primroot, quadres, rootsunity,

safeprime, o, sq2factor, sum2sqr, -, thue]

V 2.1. Préobaosztas.

>
This is a simple factorization

procedure using trial division.

The result is a sequence of pairs

[p,e]l] where the p's are the prime

factors and the e's are the exponents.

The factors are anyway 1in increasing order.
Only primes <= P are tried, hence the

last "factor" may composite, if

it is greater then PA2;
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trialdiv:=proc(n::posint,P::posint) local L,p,i,d,nn;
L:=[]; nn:=n;
if type(nn,even) and 2<=P then
for i from 0 while type(nn,even) do nn:=nn/2; od;
L:=[[2,1i1];
fi;
if nn mod 3=0 and 3<=P then
for i from 0 while nn mod 3=0 do nn:=nn/3; od;

L:=[op(L),[3,1]1];



fi;
d:=2; p:=5;
while p<=P and nn>=pA2 do
if nn mod p=0 then
for i from 0 while nn mod p=0 do nn:=nn/p; od;

L:=[op(L), [p,il1];
fi;
p:=p+d; d:=6-d;
od;
if nn>1 then L:=[op(L),[nn,1]] fi;
L;
end;
trialdiv.= proc(n::posint, P.:posint) (2.1.1)

locall, p, i, d, nn;
L:=]
nn:=m
ﬁ%ype(nn,even) and 2 <= Pthen
for ifrom O while type(nn, even)do
nn:=1/2*nn
end do;
L:=[[2, i]]
end if;
ifmod(nn, 3) =0 and 3 <= Pthen
for ifrom O while mod(nn, 3) = 0do
nn:=1/3*nn
end do;
L:=[op(L), [3, il]
end if;
d:.=?2;
pi=5;
whilep <= P and pA2 <= nndo
if mod(nn, p) = 0 then
for ifrom 0 while mod( nn, p) =0do
nn:=nn/p
end do;
L:=[op(L), [p, i]]



end if;

p=p+d
d:=6—d
end do;

if1 < nn then
L:=[op(L), [nn, 1]]

end if;

L

end proc

> trialdiv(2A32+1,1000);
[[641, 1], [6700417, 1]] (2.1.2)

>
This is a simple primality testing

procedure using trial division.

The result is true if n 1is prime, else false.
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trialprime:=proc(n::posint) local L,p,i,d,nn;
if n=1 then RETURN(false) fi;
if n=2 or n=3 or n=5 then RETURN(true) fi;
if type(n,even) then RETURN(false) fi;
if n mod 3=0 then RETURN(false) fi;
d:=2; p:=5;
while n>=pA2 do
if n mod p=0 then RETURN(false) fi;
p:=p+d; d:=6-d;
od; true; end;
trhﬂprhne::=proc(n:poshu) (2.1.3)

localL, p, i d, nn;

ifn=1 then
RETURN false)

end if;

ifn=2 or n=3 or n=>5 then
RETURN (true)

end if;

if type(n, even) then
RETURN false)

end if;



ifmod(n, 3) = 0 then
RETURN ( false)

end if;

d:=2;

p:i=>5;

whilepA2 <= ndo
ifmod(n, p) = 0 then

RETURN false)

end if;
p:=p+d
d:=6—-d

end do;

true

end proc

>

trialprime(2A32+1);
false

» 2.2. Feladat.

V 2.3. Feladat.

>

>

interface(verboseproc=2);
1

print(ifactor);

proc(n) ... end proc

print( ifactor/ifact2357);

proc(n) ... end proc

print( ifactor/ifactOth’);

proc(n) ... end proc

print( ifactor/ifactlst’);

proc(n) ... end proc

print( ifactor/wheelfact’);

proc(n, s) ... end proc

print( ifactor/pollpl’);

proc(n, seed) ... end proc

(2.1.4)

(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)

(2.3.5)

(2.3.6)

(2.3.7)



> print( ifactor/pp100000°);
proc(n) ... end proc (2.3.8)

> print( ifactor/easy’);
proc(n) ... end proc (2.3.9)

> print( ifactor/ifact2357);
proc(n) ... end proc (2.3.10)

» 2.4. A primosztok eloszlasarol.
» 2.5. A primosztok szamanak hatareloszlasa.
V 2.6. Fermat modszere.

> #
# This procedure prepare the sieve table S for
# Fermat's factorization procedure. Parameter n 1is the
# integer to factor and m is the vector of moduli.
#

preparefermatsieve:=proc(n,S,m) local i,j,k,x2,x2n;
x2:=table; x2n:=table;
for i to nops(m) do
for j from 0 to m[i]-1 do S[i,j]l:=0; od;
for j from 0 to m[i]-1 do
x2[j]:=jA2 mod m[i];
x2n[j]:=jA2-n mod m[1i];
od;
for j from 0 to m[i]-1 do
for k from 0 to m[i]-1 do
if x2n[j]l=x2[k] then S[1i,j]:=1 fi;
od;
od;
od; end;
preparefermatsieve :=proc(n, S, m) (2.6.1)

localij, j, k x2, x2m;
X2 := table;
x2n:= table;
forito nops( m) do
for jfromOto m[i] — 1do
sli, jl:=0

end do;



for jfromOto mli] — 1do
x2|jl:= mod(jr2, mlil);
x2n[j] = mod(j/\Z —n, mlil)
end do;
for jfromOto mli] — 1do
for kfrom0to m[i] — 1do
ifXZnLﬂ::XZ[k]then
Sl jli=1
end if
end do
end do
end do

end proc

> #

# This procedure do factorization with

# Fermat's method. Parameter n is

# the odd number to factor and m is the 1ist of moduli.
# Returns with u where u 1is the largest

# factor of n less then or equal to sqrt(n).

#

fermatfactorization:=proc(n::posint,m::Tist(posint))

local k,x,y,i,S,r,f;

if type(n,even) then error "first argument must be odd" fi;
S:=table(); preparefermatsieve(n,S,m); r:=nops(m);

k:=array(l..r); x:=isqrt(n);

for i to r do k[i]:=-x mod m[i]; od;

while true do
f:=true;

for i to r do if S[i,k[i]l]<1 then f:=false; break; fi; od;

if f then
y:=isqrt(xA2-n);

if yA2=xA2-n then RETURN(x-y) fi;

fi;
X:i=X+1;

for i to r do k[i]:=k[i]-1 mod m[i]; od;

od; end;

fermatfactorization:= proc (n: posint, n: (list( posim‘) )

localk, x, y, i, S, 1, f;
if type(n, even) then



error "first argument must be odd"
end if;
S:= table( );
preparefermatsieve(n, S, m);
r:= nops(m);
k:=array(1.r);
X:= isqrt(n);
foritordo
k[i] = mod(—x, m[i])
end do;
do
f:= true,
foritordo
if S{i, k[i]] <>1 then
f:= false;
break
end if
end do;
if f then
y:=isqrt(xA2 — n);
ifyA2 = xA2 — nthen
RETURN(x — y)
end if
end if;
xX:=x+1;
foritordo
k[i] = mod(k[i] — 1, m[i])
end do
end do

end proc

> debug(fermatfactorization);
fermatfactorization(13*%17,[3,5,7,8,11]);
fermatfactorization



{--> enter fermatfactorization, args = 221, [3, 5, 7, 8,
11]
S:=table([])

r:=>5
k:=array(1.5, [])

X:=15

k =0

k,:=0

ky:=6

k,:=1

ks:=7
f:=true
yi=2

<-- exit fermatfactorization (now at top level) = 13}
13 (2.6.3)

> undebug(fermatfactorization);
fermatfactorization(11111,[3,5,7,8,11]);
fermatfactorization

41 (2.6.4)

» 2.7. Feladat.
» 2.8. Feladat.
V 2.9. Pollard ¢ modszere.

Az n szam hasitasa az x->xA2+c fliggvény felhasznalasaval; g egy iteracidcsoport
mérete és legfeljebb maxgs csoport fog végrehajtodni.

> pollardrhosplit:=proc(n::posint,c::posint,g::posint,
maxgs: :posint)
local x,xx,xp,xo0,xpo,1,j,k,ko,1,10;
x:=14+c mod n; xp:=1; i:=0; k:=1; 1:=1; xx:=1;
while 1igcd(xx,n)=1 and i<maxgs do
x0:=x; Xxpo:=xp; ko:=k; lo:=1; j:=0; xx:=1;
while j<g do
XX :=xxX*(xp-x) mod n;
k:=k-1; if k=0 then xp:=x; k:=1; 1:=2%1; fi;
X:=xA2+c mod n; j:=j+1;



od; i:=1+1;
od;
if digcd(xx,n)<n then return(igcd(xx,n)) fi;
x:=x0; xp:=xpo; k:=ko; 1:=1o; j:=0;
while igcd(xp-x,n)=1 and j<g do
k:=k-1; if k=0 then xp:=x; k:=1; 1:=2*%1; fi;
X:=xA2+c mod n; j:=j+1;

od;
igcd(xp-x,n); end;
pollardrhosplit:= proc(m:posint, c:posint, g::posint, maxgs::posint) (2.9.1)

local x, xx, xp, xo0, xpo, i, j, k, ko, L, lo;
x:=mod(1+¢ n);

xp:=1;

1:=0;

=1

l:=1;

xx:=1;

k‘

whileigcd(xx, n) =1 and i < maxgsdo
X0:= X
Xpo := Xp,
ko:=k
lo:=1
J=0;
xx:=1;
whilej < gdo
xx:= mod(xx* (xp — x), n);
ki=k—1;
if k=0 then
Xpi=X
k:=1
I:=2%1
end if;
x:= mod(xA2 + ¢ n);
Ji=j+1
end do;



Ii=1i+1
end do;
ifigcd(xx, n) < nthen
return igcd(xx, n)
end if;
X = X0,
Xp := Xpo;
k:= ko;
l:= lo;
J:=0;
whileigcd(xp — x, n) =1 and j < gdo
ki=k—1;
if k= 0 then
Xpi=X
k:=1
I:=2*1
end if;
x:=mod(xA2 + ¢ n);
Ji=j+1
end do;
iged(xp — x, n)
end proc

> pollardrhosp1it(999863+%999883,1,2A4,2A5);
999863 (2.9.2)

» 2.10. Feladat.

» 2.11. Fermat tétele.

» 2.12. Euler tétele.

V¥ 2.13. Kinai maradéktétel.

> chrem([1,2,2]1,[2,3,7D);
23 (2.13.1)



» 2.14. Tétel.
V¥ 2.15. Gyors hatvanyozas.

> #
# Calculation of modular power of a
# with the left-to-right binary method.

#

lTeft2right:=proc(a,e::posint,mult::procedure) local b,x,n;
b:=convert(e,base,2); x:=a;
for n from nops(b)-1 by -1 to 1 do
x:=mult(x,x);
if b[n]>0 then x:=mult(x,a); fi;
od; x; end;
left2right:= proc(a, e:posint, mult:procedure) (2.15.1)

local b, x, n;

b := convert(e, base, 2 );

X:=aq

for nfromnops(b) — 1by —1to1do
x:=mult(x, x);
if0 < b[n| then

x:=mult(x, a)

end if

end do;

X

end proc

> debug(left2right); left2right(2,11, (x,y)->x*y);
left2right

{--> enter left2right, args = 2, 11, proc (x, y) options

operator, arrow; x*y end proc
b:=[1,1,0,1]

X:=2
=4
16
32
024
048

X
X:
X.

Xi=

I
N =

X.



2048

<-- exit left2right (now at top level) = 2048}
2048 (2.15.2)

> #
# Calculation of a modular power
# with the left-to-right 2Am-ary method.
#

fastexp:=proc(a,e::posint,m::posint,mult: :procedure)
local 1i,j,k,P,x,b,aa,n;
b:=convert(e,base,2); n:=nops(b)-1; x:=a; P:=[a]; aa:=mult(a,
a);
for j from 2 to 2A(m-1) do P:=[op(P) ,mult(P[nops(P)],aa)];
od;
while true do
if n=0 then return(x) fi;
if b[n]=0 then x:=mult(x,x); n:=n-1; next; fi;
i:=1; j:=1; k:=0; x:=mult(x,x); n:=n-1;
while n>0 and k+j<m do
if b[n]=0 then k:=k+1; n:=n-1;
else k:=k+1; j:=j+k; 1:=1%2Ak;
while k>0 do x:=mult(x,x); k:=k-1; od;
n:=n-1;
fi;
od;
x:=mult(x,P[i]);
while k>0 do x:=mult(x,x); k:=k-1; od;
od; end;
fastexp = proc(a, e..posint, n::posint, mult:procedure) (2.15.3)

locali, j, k, P, x, b, aa, n;
b := convert(e, base, 2 );
n:=nops(b) — 1;
X:=aq
P:=[al;
aa:=mult(a, a);
for jffrom2to2A(m —1)do
P:=op(P), mult(P{nops(P)], aa)]
end do;
do
ifn= 0 then

return x



end if;

ifb[n] = 0 then
x:= mult(x, x);
n:=n-—1;
next

end if;

i:=1;

Ji=1

k:=0;

X:= mult(x, x);

n:=n-—1;

while0 < n and k+j < mdo
if b[ n] = 0 then

k:=k+1;
ni=n-—1
else
k:=k+1;
Ji=k+j
i:=1i*27k

whileO < kdo

x:= mult(x, x);

ki=k—1
end do;
ni=n-—1
end if
end do;

x:= mult(x, P[i]);

while0 < kdo
x:= mult(x, x);
ki=k—-1

end do

end do



end proc
> debug(fastexp); fastexp(2,11,1,(x,y)->x*y);
fastexp

{--> enter fastexp, args = 2, 11, 1, proc (x, y) options
operator, arrow; x*y end proc

b:=[1,1,0,1]
n:=3

xX:=2

=
I
[\

Q
N
Il

NN

=

”»E:X:X»&...:X
T | o TN | | THN
SeommRemz o= e

n:=0
x:=2048
<-- exit fastexp (now at top level) = 2048}
2048 (2.15.4)

> debug(fastexp); fastexp(2,11,2,(x,y)->x*y);
fastexp

{--> enter fastexp, args = 2, 11, 2, proc (x, y) options
operator, arrow; x*y end proc

b:=[1,1,0,1]
n:=3
X:=2
P::[Z]
aa:=4



=
I

IS
Qo

x:=4

n:=2
i:=1

ji=1

k:=0

x:=16

n:=1

k:=1

Jji=2
i:=2

X:=256
k:=0
n:=0

x:=2048

<-- exit fastexp (now at top level) = 2048}

2048 (2.15.5)

» 2.16. Feladat.
V 2.17. Pollard p-1 modszere.

>
This procedure 1is Pollard's p-1 method for

factorization. The base 1is a, and powers of

primes up to P are considered so that they

are not less then the bound B.

The result 1is the power x of a mod n, where

n isthe number to factorize, so the factor 1is gcd(x-1,n).
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pollardpsplit:=proc(n,a,B,P) local e,d,p,Xx;
X:=a mod n;

if igcd(x-1,n)>1 or P<2 then return(x) fi;
if P<2 then return(x) fi;

e:=1; while 2Ae<B do e:=e+1 od;

X:=X&\(2Ae) mod n;

if igcd(x-1,n)>1 or P=2 then return(x) fi;
while 3Ae>3%B and e>1 do e:=e-1 od;



X:=X&\(3Ae) mod n;
d:=2; p:=5;
while true do
if igcd(x-1,n)>1 or P<p then return(x) fi;
while pAe>p*B and e>1 do e:=e-1 od;
X:=X&\(pAe) mod n;
p:=p+d; d:=6-d;
od; x; end;
pollardpsplit:= proc(n, a, B, P) (2.17.1)

locale, d, p, x;

x:=in0d(a,n}

ifl < igcd(x —1,n) or P<?2 then
return x

end if;

if P < 2 then
return x

end if;

e.=1;

while2/e < Bdo
e:=e+1

end do;

x::lnodﬁx&A(ZAe),n}

if1 <igcd(x — 1, n) or P=2 then
return x

end if;

while3*B < 3/Ae and 1 < edo
ei=e—1

end do;

x:=mod(x & (37e), n);

d:.=2;

p:=>5;

do
if1 <igcd(x — 1, n) or P< p then

return x

end if;



whilep*B < pAe and 1 < edo

e:=e—1
end do;
x:=mod(x & (pre), n);
p=p+d
d:=6—d
end do;
X
end proc
> pollardpsplit(25852,2,100,100);
23324
> 1gcd(%-1,25852);
281
> pollardpsp1it(999863%999917+999961,23,2000,1000) ;
16252910338466315
> dgcd(%-1,999863%999917%999961) ;
999917

» 2.18. Feladat.
V¥ 2.19. Pollard p-1 modszere, masodik 1épcso.

> #

(2.17.2)

(2.17.3)

(2.17.4)

(2.17.5)

# This procedure is the second step of Pollard's p-1 method

for

# factorization. The base is a, and primes from list P
# are considered. The result is the power x of a mod n,

where

# n 1is the number to factorize, so the factor is gcd(x-1,n).

#

pollardp2split:=proc(n::posint,a::posint,N::posint,m::posint,

M::posint)
local x,1i,j,E,aa,p,pp,d;
E:=Array(1..N); aa:=a*a mod n; E[1]:=aa;
for j from 2 to N do E[j]l:=E[j-1]*aa od;
p:=ithprime(m); x:=a&Ap mod n;
for i from m+1 to M while gcd(x-1,n)=1 do
pp:=nextprime(p); d:=pp-p; p:=pp;
if d<=2*N then x:=x*E[d/2] mod n;



else x:=x*(a&Ad) mod n; fi;
od; x; end;
pollardp2split := proc(n:posint, a::posint, N::posint, nt:posint, Me:posint)  (2.19.1)

localx, i, j, E aa, p, pp, 4,
E:= Array(1.N);

aa:=mod(a*a, n);

E[l]:= aaq,

for jfrom2to Ndo
Eljl:=Elj-1]*aa

end do;

p := ithprime(m);
X:= mod(a &N p, n);
forifromm + 1to Mwhilegcd(x — 1, n) = 1do
pp:= nextprime( p);
d:=pp—p;
p:=pp;
ifd <=2*N then
X:= mod(x"“E[l / 2"’d], n)
else
x:=mod(x*a& d, n)
end if
end do;
X
end proc

> pollardpsplit(8174912477117+%23528569104401,3,1000,1000) ;
146645799608527753237179827 (2.19.2)

> 1gcd(%-1,8174912477117%23528569104401) ;
1 (2.19.3)

> pollardp2sp1it(8174912477117%23528569104401,%%,100,100,10000)

3914533419194403591254666 (2.19.4)
> igcd(%-1,8174912477117+%23528569104401) ;
23528569104401 (2.19.5)

> 1ifactor(%-1);
(2.19.6)



(2)*(5)%(67) (107) (199) (41231) (2.19.6)
» 2.20. Feladat.

» 3. Egyszeru primtesztelési modszerek
» 4. Lucas-sorozatok

» 5. Alkalmazasok

» 6. Szamok és polinomok

» 7. Gyors Fourier-transzformacio

» 8. Elliptikus fliggvények

» 9. Szamolas elliptikus gorbéken

» 10. Faktorizalas elliptikus gorbékkel
» 11. Primteszt elliptikus gorbékkel

» 12. Polinomfaktorizalas

» 13. Az AKS teszt

» 14. A szita modszerek alapjai



